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A possible mechanism accounting for monopole configurations in continuum Yang-Mills theories is discussed.
The presence of the gauge fixing term is taken into account.
1. Introduction
The understanding of confinement in non-
abelian gauge theories is one of the major chal-
lenge in theoretical physics. The idea that con-
finement could be explained as a dual Meissner
effect for type II superconductors is largely ac-
cepted, with confirmations from lattice simula-
tions.
A key ingredient for the picture of dual super-
conductivity is the mechanism of Abelian projec-
tion introduced by ’t Hooft [1], which consists of
reducing the gauge group SU(N) to an Abelian
subgroup, identified with the Cartan subgroup
U(1)N−1, by means of a partial gauge fixing. This
is achieved by choosing any local composite oper-
ator X(x) which transforms in the adjoint rep-
resentation, X
′
(x) = UX(x)U †. The gauge is
partially fixed by requiring that X becomes di-
agonal, X
′
(x) = diag(λ1(x), ......, λN (x)), where
λi(x) denote the gauge invariant eigenvalues. As
shown in [1], monopoles configurations appear at
the points x0 of the space-time where two eigen-
values coincide, i.e. λi+1(x0) = λi(x0). Further,
the gauge field is decomposed into its diagonal
and off-diagonal parts. The diagonal compo-
nents correspond to the generators of the Car-
tan subgroup and behave as photons. The off-
diagonal components are charged with respect to
the Abelian residual subgroup and may become
massive [2,3], being not protected by gauge invari-
ance. This mass should set the confinement scale,
allowing for the decoupling of the off-diagonal
fields at low energy. The final Abelian projected
theory turns out thus to be described by an effec-
tive low-energy theory in which the relevant de-
grees of freedom are identified with the diagonal
components of the gauge fields and with a certain
amount of monopoles, whose condensation should
account for the confinement of all chromoelectric
charges. Lattice simulations [4,5] have provided
evidences for the Abelian dominance hypothe-
sis, according to which QCD in the low-energy
regime is described by an effective Abelian the-
ory. This supports the realization of confinement
through a dual Meissner effect, although the in-
frared Abelian dominance in lattice calculations
seems not to be a general feature of any Abelian
gauge [6]. Furthermore, many conceptual points
remain to be clarified in order to achieve a satis-
factory understanding of confinement in the con-
tinuum. Certainly, the problem of the deriva-
tion of the Abelian dominance from the QCD La-
grangian is a crucial one. Also, the characteriza-
tion of the effective low-energy Abelian projected
theory and of its monopoles content is of great
relevance. There, one usually starts by impos-
ing the so called Maximal Abelian Gauge (MAG)
[7], which allows for a manifest residual subgroup
U(1)N−1. The presence of monopoles in the MAG
follows then from Π2(SU(N)/U(1)
N−1) = ZN−1.
However, being the MAG a gauge-fixing condi-
tion, it is manifestly noncovariant. Therefore,
2monopoles here do not seem to be directly re-
lated to the singularities occurring for coinciding
eigenvalues in the process of diagonalization of a
local covariant operator X(x). Rather, they are
associated to singular configurations of the fields
[7].
The purpose of this contribution is to discuss
a possible mechanism accounting for the presence
of monopoles in the MAG, for continuum gauge
theories. The argument turns out to be general-
ized to any renormalizable gauge, the main idea
being that of showing that ’t Hooft Abelian pro-
jection can be suitably carried out in the presence
of gauge fixing terms.
2. Monopoles in quantized Yang-Mills the-
ories
In what follows we present a simple way in or-
der to account for monopoles in continuum quan-
tized Yang-Mills theories. In particular, we point
out that it is possible to introduce in the path in-
tegral a covariant local quantity whose diagonal-
ization is compatible with the gauge fixing, repro-
ducing at the end the usual form of the Yang-Mills
partition function in the presence of monopoles
[7].
Let us start by considering the partition func-
tion for the quantized SU(N) Yang-Mills theory
Z = N
∫
[DΦ][DA] exp
(
−
∫
d4xTr
1
4
FµνFµν
−SGF(A, b, c, c¯)
)
(1)
where SGF denotes the gauge-fixing action includ-
ing the Faddeev-Popov ghosts. We do not specify
further the term SGF, which can be any renor-
malizable gauge fixing action as, for instance, the
MAG condition, the Landau gauge, etc. The
measure [DΦ] denotes integration over the La-
grange multiplier b and the ghost fields c, c¯.
We proceed by rewriting the term TrFµνFµν
in a first order formalism by introducing an anti-
symmetric two-form field Bµν [8,9]
Tr
1
4
FµνFµν → Tr
(
i
2
FµνBµν
)
+Tr
(
1
4
BµνBµν
)
(2)
Therefore, for the partition function we get
Z = N
∫
[DΦ][DA][DB] exp
[
− SGF
−
∫
d4xTr
(
iFµνBµν
2
+
BµνBµν
4
)]
(3)
Notice that the field Bµν transforms covariantly
under a gauge transformation of SU(N)
Bµν −→ B
U
µν = UBµνU
† ,
from which it follows that the quadratic term
TrBµνBµν is left invariant
TrBµνBµν = TrB
U
µνB
U
µν .
Also, it is worth remarking that the field
Bµν does not appear in the gauge fixing term
SGF(A, b, c, c¯). According to ’t Hooft procedure,
we can now pick up any component of Bµν , say
B12, and, due to its hermiticity, diagonalize it by
a suitable transformation Ω of SU(N), namely
B12 → B
diag
12 = ΩB12Ω
† .
Due to the invariance of TrBµνBµν , we have
TrBµνBµν = Tr
(
2B12B
12 +BjkB
jk
)
= Tr
(
2ΩB12Ω
†ΩB12Ω†
+ΩBjkΩ
†ΩBjkΩ†
)
= Tr
(
2Bdiag12 B
diag
12
+ΩBjkΩ
†ΩBjkΩ†
)
, (4)
where the sum over the indices (j, k) does not in-
clude the component B12. The partition function
Z becomes
Z = N
∫
[DΦ][DA][DB][DΩ] exp
{
− SGF
−
∫
d4x
[
i
2
TrFµνBµν
+
1
4
Tr
(
2ΩB12Ω
†ΩB12Ω† +ΩBjkΩ
†ΩBjkΩ†
) ]}
where we have inserted the integration measure
[DΩ] over the gauge transformations which diag-
onalize B12. This is always possible, thanks to
eq.(4). Performing now the change of variables
Bµν → Ω
†BµνΩ , Ω→ Ω , (5)
3we obtain
Z = N
∫
[DΦ][DA][DB][DΩ]
exp
(∫
d4xTr
[
−
i
2
ΩFµνΩ
†Bµν
−
1
4
BµνBµν
]
− SGF
)
The change of variables (5) has the effect of mov-
ing the Ω’s from the quadratic term BB to the
first term FB. Recalling then that the Ω’s are
precisely those transformations which diagonalize
B12, it follows that
ΩFµνΩ
† = Ω
(
∂µAν − ∂νAµ − [Aµ, Aν ]
+([∂µ, ∂ν ]Ω
†)Ω
)
Ω†,
Fµν = [Dµ, Dν ] .
Finally, we can path integrate the field B obtain-
ing the expression
Z = N
∫
[DΦ][DA][DΩ]
exp
∫
d4x
(
Tr
[
−
1
4
(F regµν + F
sing
µν )
2
]
− SGF
)
with
F singµν = ([∂µ, ∂ν ]Ω
†)Ω .
Notice that F singµν is nonvanishing when the trans-
formation Ω is singular. This occurs for coin-
ciding eigenvalues of the B12. Needless to say,
these singularities correspond to monopoles. The
sum over the singular transformations may be
represented as an integration over the surfaces
corresponding to the closed loop currents of the
monopoles [7].
We end up thus with the usual form of the
Yang-Mills partition function in which monopole
configurations appear explicitly. Of course, the
introduction of Bµν has to be regarded as a trick
for inserting in the path integral a covariant field
which can be diagonalized, according to ’t Hooft
procedure. It is apparent that the field Bµν rep-
resents indeed the field strength Fµν . The mean-
ing of this procedure is that we should be able to
introduce monopole configurations in the expres-
sion for the partition function, regardless of the
particular gauge fixing adopted.
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